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Abstract. In 1921 Blichfeldt gave an upper bound on the number of inte- 
gral points contained in a convex body in terms of the volume of the body. 
More precisely, he showed that #(i^nZ") < n! vol{K)+n, whenever K CR'^ 
is a convex body containing n+1 afRnely independent integral points. Here 
we prove an analogous inequality with respect to the surface area F{K), 
namely #{K n Z") < vol(_ft:) + ((^ + l)/2) (n - 1)! F(A'). The proof is 
based on a slight improvement of Blichfeldt 's bound in the case when if is a 
non- lattice translate of a lattice polytope, i.e., K — t + P, where t G R"\Z'' 
and P is an n- dimensional polytope with integral vertices. Then we have 
#((t + P)nZ") <n!vol(P). 

Moreover, in the 3-dimensional case we prove a stronger inequality, namely 
#(7fnZ") < vol{K)+2F{K). 



1. Introduction 

Let /C" be the set of all convex bodies in the n-dimensional Euclidean space 
M". For a subset S" C M" and the integral lattice Z" let G(5) be the lattice 
point enumerator of S, i.e., G{S) = #(5 HZ"). By vol(S') we denote, as usual, 
the volume, i.e., the n-dimensional Lebesgue measure, of S. 

The problem to bound G{K), K E /C", in terms of continuous functionals, as 
e.g. the intrinsic volumes, has a long history in convexity (cf. e.g. [21E1II1])) and 
the first general upper bound with respect to the volume is due to Blichfeldt 

m 

(1.1) G(K) < n! vol(/i:) + n, 

provided (i\m.{K n Z") = n, i.e., K contains n + 1 affinely independent lattice 
points of Z". This bound is best possible for any number of lattice points, 
as, for instance, the simplex = convjO, /c ei, . . . , e„}, G N, shows. Here 
e, denotes the i-ih. canonical unit vector and so we have G{Sk) = k + n and 
wo\{Sk) = k/n\. Our main result is an inequality analogous to (|1.1|) . but now 
with respect to the surface area F(X) of the body. 

Theorem 1.1. Let K £ IC with dim(K n Z") = n. Then 
G{K) <Yo\{K) + "^^^ {n-l)\Y{K). 



2000 Mathematics Subject Classification. 52C07, 11H06. 

Key words and phrases. Lattice polytopes, volume, surface area. 

1 



2 



MARTIN HENK AND JORG M. WILLS 



In contrast to Blichfeldt's inequality the volume is now weighted by the factor 
1 instead of nl, which is apparently best possible. We conjecture that the factor 
can be omitted in this inequality. In dimension 2 this follows easily from 
Pick's identity |2j, pp. 38], and the 3-dimensional case is settled in the next 
theorem. 

Theorem 1.2. Let K & with dim(ii' n I?) = 3. Then 

G{K) < wo\{K) + 2¥{K). 



We remark that an inequality of the form G{K) < vol{K) + (n — 1)\F(K) 
would be tight in the sense that (n — 1)! in front of the surface area can not 
be replaced by c (n — 1)! for a constant c < 1. To see this we note that for the 
simplex Si with n + 1 lattice points we have F(S'i) = (n + y/n)/{n — 1)!. 

The inequality in Theorem 11.11 may also be regarded as a counterpart to a 
well-known lower bound on G{K) due to Bokowski, Hadwiger and Wills [6]. 
They proved that 

(1.2) vol(i^) - \¥{K) < G{K), 

and this inequality is best possible. 

The proof of Theorem 1 1.1 1 is based on a lemma on lattice points in a translate 
of a lattice polytope. To this end we denote by C /C" the set of all lattice 
polytopes, i.e., polytopes having integral vertices. 

Lemma 1.3. Let P e P" with dim(P n Z") = n, and let t G \ Z". Then 

G{t + P) < n!vol(P), 
and the inequality is best possible for any number of lattice points. 

In other words, if we have a non-lattice translate of P then we can slightly 
improve Blichfeldt's bound (II. ip by n. This does not mean, however, that 
t + P has less lattice points than P. For instance, for n > 2 and m E N 
let Tm be the so called Reeve simplex Tm = convjO, ei, . . . ,en-i,mv}, where 
V = ei + e2 + • ■ ■ + en- Then the vertices are the only lattice points in Tm, but 
(1/2) V + Tm contains the m lattice points v,2v, . . . ,mv. In the 2-dimensional 
case the situation is different and for a detailed discussion of lattice points in 
translates of lattice polygons we refer to |10j . 

Since (jl.ip and the inequality in Lemma 11.31 depend only on the volume, it 
is easy to generalize them to an arbitrary lattice A C M" with determinant 
det A > 0. Then, with the setting as before, we have 

(1.3) i) #(K n A) < n\^^^ + n, and ii) #((t + P) n A) < n!^|^. 

In the case of Theorem 11.11 we conjecture that the right statement for general 
lattices is 

Conjecture 1.1. Let A C M" 6e a lattice and let K G IC^ with dim(A'n A) = n. 
Then 

#(A-nA)<Z?ie + („-i)!^ 



det A det A, 



n-l 
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where det A„_i is the minimal determinant of an (n — 1)- dimensional sublattice 
of A. 

In the 2-dimensional case the correctness of the inequahty is again an easy 
consequence of Pick's identity. It is also not hard to verify such an inequahty 
with an additional factor of order n in front of the surface area, and we will give 
an outline of a proof of this result in the last section (see Corollary 14. 2p . For a 
corresponding conjecture regarding the lower bound (jl.2p we refer to [TBI [T7]. 
In Section 1 we will prove Lemma 11.31 and Theorem 11.11 The proof of Theorem 
11.21 is based on results on the inner/outer parallel body of a convex body and 
is given in the second section. 

2. Proof of Lemma FOl and Theorem 11.11 

The proof of Lemma 11.31 will be an immediate consequence of the fact that 
for n linearly independent lattice points oi,...,a„ S and the associated 
half-open parallelepiped C = Pi ai : < pi < 1} one has 

(2.1) G(C) = |det(ai,...,a„)|. 

Observe, both sides just describe the index of the sublattice generated by 
ai, . . . , a„ with respect to (see e.g. f8, p. 22]). 

Proof of LemmalTM Let P C M" be a lattice polytope and let t G \ Z". 
Let Si, ... , Sm ^ P be n-dimensional lattice simplices such that P = U^-^Si 
and dim(S'i H S'j) < n — 1 for i ^ j. For instance, we can take any lattice 
triangulation of P. Then vol(P) = ^ vol(S'j) and 

m 

G{t + P) <J2'^it + Si)- 

i=l 

Hence it suffices to prove the statement for an n-dimensional lattice simplex S, 
say. Without loss of generality let 0, ai, . . . ,an be the vertices of S, ai S Z", 
and let C be the half-open parallelepiped generated by ai, . . . ,a„. Then by 
(j2.ip we have 

(2.2) G{C) = |det(ai,a2,...,a„)| =n!vol(5). 
Next we observe that for any vector i £ 

(2.3) G{t + C) = G{C). 

This is a well-known fact, but for sake of completeness we give a short argument: 
Let i = X;r=i For 6 = t + ^lILi Pi G (i + C) n Z*" the vector f(b) defined 
by fib) = l^"=i(''"i + Pi — [Ti + pi\ ) Oj is contained in C n Z". Here [xj denotes 
the largest integer not bigger then x. It is easy to see that / is a bijection 
between (t + C) H and C H Z", and hence we have verified ()2.3p . 
Finally, since 

(2.4) t + S C (t + C) U {t + ai,t + a2, . . . ,t + an}, 

we get G{t + S) < G{t + C) for t e R" \ Z". Together with and ([22]) we 
obtain the desired inequality for S, and thus for the lattice polytope P. 
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In order to show that it is best possible let 5^ be the simplex defined in the 
introduction. Then k = n\vol{Sk) and if we translate Sk by ^ei, for instance, 
then ei, . . . ,k ei are the only lattice points in ^ei + Sk- □ 

Remark 2.1. Ift = then ()2.4p gives G{S) < G{C) + n because oi, . . . , a„ are 

the only points in S not contained in C . Thus we get by the same argument 
Blichfeldt's inequality G{K) < n! vol(-fC) + n. 

For the proof of Theorem ll.il we also need some facts about lattice polytopes. 
Let P C be a lattice polytope. Then we can describe it as 

(2.5) P = {x e W : at ■ X < bi, I < i < m}, 

for some Oj G Z", bi £ Z. Here x ■ y denotes the inner product, and by || • || 
we denote the associated Euclidean norm. Without loss of generality let Fi = 
P Ci {x G : Qi ■ X = bi} be the facets of P, 1 < i < m. We may also assume 
that the vectors Oj are primitive vectors, i.e., conv{0, a,} n Z" = {0, aj}. In this 
case we have (cf. e.g. [12l Proposition 1.2.9]) 

(2.6) det(affFinZ") = lloill, 

where det(affFj HZ") is the determinant of the (n — l)-dimensional sublattice 
of Z" contained in the affine hull of Fi. 

Proof of Theorem \l.l\ Let K S /C" with dim(i^nZ") = n. By the monotonicity 
of vol(-) and F{-) it suffices to prove the conjecture for the n-dimensional lattice 
polytope P = convji^ n Z"}. Let C„ be the cube of edge length 1 centered 
at the origin. Let Li = {z G P n Z" : z + C„ C P] and La = (P n Z") \ Li. 
Obviously, we have 

(2.7) #Li < vol(P), 

and it remains to bound the size of the set L2. To this end let P be given as in 
(|2.5p with facets Pi, ... , Pm- For each lattice point z £ L2 there exists a facet Pj 
such that z + Cn intersects Pj, i.e., there exists an x G C„ with ai- z + ai-x > bi. 
Hence we have 

tti ■ z > bi - m ■ X >bi - -\ai\, 
where | • | denotes the /i-norm. Since the left hand side is an integer we obtain 

"1, 



(2.8) ai - z>bi--fi with 7^ = 
Thus 

m 

(2.9) L2c(j{Qin: 



— a,- 
2' 



1. 



1=1 



where Qi = conv{Pj,Pj — (7i/||ai|P)ai} is the prism with basis Pj and height 
7i/ 1 1 Oil I in the direction — Oj. Next we claim that for 1 < i < m 

(2.10) G{Qi) < ^^^^ (n - l)!vol„_i(P,) + (n - 1), 
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where vol„_i(-) denotes the {n — l)-dimensional volume. Each lattice point in 
such a prism Qi is contained in one of the layers 

Hi{j) = n {x G : • x = 6i - j}, j = 0, 1, . . . , 7^. 

Of course, Hi{0) = Fi is an (n — l)-dimensional lattice polytope with respect 
to the lattice Kp^ = aff (Fj) n Z". On account of p. 60 we get from Blichfeldt's 
inequality (see (|1.3p i)) 

(2.11) G{Hm) = *{F^ n Ap^J < (n - l)! ''"^^'^ + (n - 1). 

II 

Now let Vi G Z" be any lattice vector in the lattice hyper plane {x G : • x = 
6i — 1} and let Wi be a lattice vector in Fj. Since 



we have 



Hi{j) n = (^if,(0) - j ^ ai + j(u;, - v^Yj n = (i + F,) n Z", 

with ti = Wi — Vi — l/||aj|p Oj G {x G : Oj • x = 0}. Since is primitive and 
3 1^ li < we find that j ti G M" \ Z" for 1 < j < 7^. Thus we may apply 

in these cases Lemma 11.31 or more precisely (jl.3p ii), and obtain 

Gmj))<{n-l) r\'f'\ j = l,...,7.. 
Together with (j2.1ip we get 

G(Q,) = G{Hm + y^G{H.-m < - l)! vol„_i(i^O + (n - 1) 

< ^^^(^ - 1)! vol„„i(i^O + (n - 1), 

and so we have verified (j2.10p . 

Finally, in order to prove the inequality of the theorem we have to consider 
the lattice points which we count more than once in the right hand side of (j2.9p . 
and we claim 

m 

(2.12) #L2<Y,G{Qi)-m{n-l). 

i=l 

To this end we consider the vertices vi, . . . ,Vk oi P. Let gn-i (vj) be the number 
of facets containing Vj and let fo{Fi) be the number of vertices of the facet Fj. 
Obviously, we have 

m k 

(2.13) Y.M^i) = Y.9n-i{vj)- 

1=1 j=l 
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Since each facet has at least n vertices and each vertex is contained in at least n 
facets we conclude from (I2.13P that X^™ i fo{Fi) ^ max{m, k} n > k+m (n— 1). 
This shows ()2.12p and so, in view of ()2.10p we get 

#L2<^^^(n-l)!F(P). 
Together with ()2.7p we obtain the desired inequality. □ 

3. Proof of Theorem 11.21 

For the proof of Theorem 1 1.2 1 we need a bit of the theory of intrinsic volumes 
for which we refer to [15j. Let K E /C" and let Bn be the n-dimensional unit 
ball of volume k„. The outer parallel body K + pBn of K at distance p is the 
Minkowski sum of K and pBn, i.e., K + pBn = {x + y : x £ K, y £ pBn}. Its 
volume can be described by the so called Steiner polynomial 

n 

(3.1) W0\{K + pBn) = Y,^i{K)Kn-^p''-\ 

i=0 

where Vi{K) is called the i-th intrinsic volume of K. In particular, we have 
V„(Jr) = vol{K), Yn~i{K) = (1/2)F(K), and Yo{K) = 1. It was conjectured 
by Wills that 

n 

(3.2) G(if)< j;V,,(K), 

1=0 

but, in general, this inequality does not hold (see [3l|9j). In dimension three, 
however, it is true [14j and so we have 

(3.3) G{K) <Vs{K)+\2iK) + ViiK) + l. 
The inner parallel body of K at distance p is given by the set 

K e pBn = {x e K : X + pBn <^ K} . 
If pBn is non-empty then we trivially have {K Q pBn) + pBn ^ K. 

Proof of Theorem Again it suffices to prove the inequality for the 3-dimensional 
lattice polytope P = conv{K n Z^}. According to (j3.3p and (|3.ip we obtain 

G(P) < V3(P)+V2(P)+Vi(P) + l 

< V3(P) + Vi(P)Ki^ + V2(P)k2 



Yol(P + Tr-^/^ B3] + il ^ 




3V^, 

Hence, if P vr^^s ^3 ^ we get 

G(P e TT-^'"^ B3) < vol((P e 7r-^/2 ^ ^-1/2 ^ Q_25 < vol(P) + 0.25. 
On the other hand it was shown in [13, Korollar 1] that 
G{P) - G{P e 3-^/2 < Y(P) + 2. 
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Combining the last two inequalities yields 

G(P) < G(P e 3"^/2 B-i) + F(P) + 2 < G(P e Tr"^/^ ^ ^ 2 

< vol(P) + F(P) + 2.25. 

Since the surface area of a 3-dimensional lattice polytope is not less than the 
surface area of the simplex Si, which is equal to (3 + \/3)/2 > 2.25, we finally 
obtain 

G(P) < vol(P) + 2F(P). 

□ 

In the context with the conjectured inequality (j3.2p it was shown by Bokowski 
[5] that for n < 5 

With 

Pn — i^n this leads, as in the proof above, to G(P pnBn) < vol(P) 
where P = convji^ n Z"}. In order to estimate the remaining lattice points 
G(P) — G(P Pn Bn), which are close to the boundary of P, we can proceed as 
in the proof of Theorem 11.11 where we bound the size of the set L2. This leads, 
roughly speaking, for n < 5 to an inequality of the form 

G(K) < vol(K) + + ^) (n-l)!F(K), 

which is stronger than the one of Theorem ll.li Since the improvement, however, 
is marginal we omit a detailed proof. 

4. The inequality for arbitrary lattices 

In order to present an inequality as in Theorem 11.11 for arbitrary lattices we 
need some basic facts and notions from Geometry of Numbers for which we 
refer to [8]. For a lattice A C M" let A* = {y e : ?/ • 6 e Z for all b £ A} 
be its polar lattice. The length (norm) of a shortest non-zero lattice vector 
in a lattice A is denoted by Ai(A), and an (n — l)-dimensional sublattice of 
A with minimal determinant is denoted by A„_i. Then we have (cf. e.g. [12^ 
Proposition 1.2.9]) 

(4.1) detA- Ai(A'') = detA„_i. 

Moreover, we need the so called Dirichlet-Voronoi cell DV(A) of a lattice A 
consisting of all points whose nearest lattice point in A is the origin, i.e., 

DV(A) = {x G R" : ||x|| < ||x - b\\ for all b G A}. 

Then vol(DV(A)) = det A and the smallest radius of a ball containing DV(A) is 
called the inhomogeneous minimum of A and will be denoted by p{A). So in the 
case of the integral lattice the Dirichlet-Voronoi cell is just the cube of edge 
length 1 centered at the origin and ;u(Z") = y/n/2, Ai(Z") = 1, detZ'^_-^ = 1 
and (Z")* = Z". 

With these notations we can generalize Theorem 11.11 as follows. 
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Theorem 4.1. Let A C M" be a lattice and let K e IC"- with dim{K n A) = n. 
Then 

Observe, in the case A = Z" we get essentially the inequality of Theorem ll.il 
By fundamental results of Banaszczyk [Ij it is known that 

/x(A)Ai(A*) < cn, 

for some universal constant c and so we have 

Corollary 4.2. Let AcW^ be a lattice and let K e KT- with dmi{K n A) = n. 
Then 

, , vol(i^) , , , , Y(K) 
^ ' detA ^ ^ ^ ' detA„_i 
for some universal constant c. 

Since the proof of Theorem 14.11 is just a simple adaption of the proof of 
Theorem 11.11 to this more general situation, we only give a sketch of it. 

Proof of Theorem \4-l\ We keep the notation of the proof of Theorem 11.11 and 
again we consider P = conv{/Cn A}, which is a lattice polytope with respect to 
A. The outer normal vectors Oj of the facets Fi are now lattice vectors of A* and 
for the determinant of affFj n A (cf. (12. 6p ) we obtain (cf. e.g. [HI Proposition 
1.2.9]) 

(4.2) det(affFi n A) = ||ai||detA. 

The role of the cube C„ is replaced by DV(A) and so we have 

.J <vol(P) 

Now for 1 < i < m let 

/3j = maxjoj • x : x G DV(A)}. 
Then for each z £ L2 there exists a facet Fi with (cf. (|2.8p ) 

ai ■ z > bi - 'ji with 7, = - 1. 
Following the proof of Theorem 11.11 we obtain on account of (j4.2p 

#{Q^nA) < II [i^'l , (n-l)!voln-i(F,) + (n-l). 
||aj|| det A 

We remark that in the case of an arbitrary lattice one has to be a bit more careful 
when applying (|1.3p ii) to the single layers Hi{j), since one has to ensure that 
the vector j ti is not a lattice vector of A for 1 < j < 7j. This follows, however, 
from the definition of 7^ and the definition of the Dirichlet-Voronoi cell. By the 
definitions of (3i and of the inhomogeneous minimum, and by (jl.ip we have 

^ MA)ii«»ii + i ^ MAO ^ 1 



|oj||detA ||ai||detA detA ||aj||detA 

_ ^(A)Ai(A*) ^ Ai(A-) 1 ^ + l 

detA„_i ||aj|| detA„_i ~ detA„_i 



A BLICHFELDT-TYPE INEQUALITY 



9 



Finally, as in the proof of Theorem 11.11 we conclude 




det A. 



F(P) 



n-l 



□ 
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